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One difﬁcult task in the study of a linear nonautonomous Cauchy
problem
’uðtÞ ¼ AðtÞuðtÞ; t5s50;
uðsÞ ¼ x; x 2 X
(
ð1Þ
is the study of asymptotic behaviour of its solutions. Among the most
interesting types of asymptotic behaviour we would like to mention stability
in the sense that solutions vanish at inﬁnity (see Deﬁnition 2.1).
In the case of the autonomous Cauchy problem
’uðtÞ ¼ AuðtÞ; t50;
uð0Þ ¼ x; x 2 X ;
(
ð2Þ
some results have already been obtained. For example, assuming that (2) is
well-posed and that the operator A generates a bounded C0-semigroup
ðTðtÞÞt50, there is the ABLV-Theorem and all its generalizations to bounded
individual solutions or bounded uniformly continuous functions, [1–
3, 5, 6, 9, 28]. One typical assumption in results of this type is the countability
of some spectrum; for example countability of the boundary spectrum
sðAÞ \ iR.
Another group of results, based on resolvent estimates rather than simple
spectral conditions, has developed recently, coming closer to a character-
ization of stable semigroups [7, 34]. By means of unitary dilations (in Hilbert
spaces) and limit isometric groups there have been obtained growth
conditions on the resolvent near the imaginary axis which are sufﬁcient
for stability, and which are close to being necessary (see especially the
characterizations of strong stability for semigroups on Hilbert spaces in
[34]).
In this paper, we give several characterizations of stability of evolution
families such as arise from well-posed, nonautonomous Cauchy problems.
The characterizations are in terms of bounded complete trajectories of the
dual family, stability of associated evolution semigroups and spectral
properties of the generator of an evolution semigroup. The results seem to
be new even in the case of ﬁnite dimensional Banach spaces. In the
autonomous case some of these are known characterizations of stability of a
bounded C0-semigroup, but our results include a new characterization
analogous to Datko’s characterization of exponential stability. Moreover,
we also show that a sufﬁcient condition for stability of a bounded semigroup
on X generated by A is that the intersection of the ranges of ib A (as b
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results to abstract operator theory.
2. THE MAIN RESULTS
Throughout the paper we will denote by X a complex Banach space and
by LðX Þ the space of bounded linear operators on X . A two-parameter
family U ¼ ðUðt; sÞÞt5s50 
 LðX Þ is called an evolution family if it satisﬁes
the following three conditions:
(i) Uðt; tÞ ¼ I for all t50.
(ii) Uðt; sÞUðs; rÞ ¼ Uðt; rÞ for all 04r4s4t.
(iii) Uð; Þ is strongly continuous from fðt; sÞ 2 R2: 04s4tg into
LðX Þ.
Evolution families usually appear in the context of the nonautonomous
Cauchy problem (1). Under suitable conditions on the operators AðtÞ,
there is an evolution family such that for each x 2 X there is a unique
solution of (1) (in an appropriate sense) given by uðtÞ ¼ Uðt; sÞx (see [8, Sect.
3.1; 30, Chap. 5; 32, Chap. 5]). In the autonomous case, i.e. when AðtÞ ¼ A
is constant, the existence of a unique ‘‘mild’’ solution of (1) for each
x 2 X is equivalent to the condition that A generates a C0-semigroup
ðTðtÞÞt50 (see [3, Sect. 3.1]). In that case we have Uðt; sÞ ¼ Tðt sÞ for
all t5s.
In the following, we will always assume that an evolution family U ¼
ðUðt; sÞÞt5s50 is given and, in addition, that U is uniformly bounded, i.e.
supt5s50 jjUðt; sÞjj :¼ M51.
Definition 2.1. We call an evolution family ðUðt; sÞÞt5s50 on a Banach
space X (strongly) stable if for all s50 and for all x 2 X one has
limt!1 jjUðt; sÞxjj ¼ 0.
As indicated in the Introduction we would like to characterize strong
stability of an evolution family U. In this context we will study complete
trajectories of a dual evolution family, the asymptotic behaviour of
associated evolution semigroups, convolutions and range conditions on the
operator A in the autonomous case.
To deﬁne these concepts let us point out that the dual ðUðt; sÞ* Þt5s50 of
an evolution family U is in general no longer an evolution family, but
ðUðs;tÞ * Þs4t40 is (the deﬁnition of an evolution family is easily adapted
to the case of the negative real line, and, moreover, strong continuity is
replaced by weak* continuity). If U is associated with the well-posed
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formally, associated with the nonautonomous backward Cauchy
problem
’vðtÞ ¼ AðtÞ* vðtÞ; t 2 ðt; 0;
vð0Þ ¼ x* ; x* 2 X *
(
ð3Þ
in which, in addition, the initial condition has been replaced by a
condition at the end point of the time interval ðt; 0 (t > 0). In general,
a solution v to the backward Cauchy problem (3) need not exist, but
if it exists, then v satisﬁes the relation vðtÞ ¼ Uðs;tÞ* vðsÞ for all
t5s4t40.
Now we call a function g :R ! X * a complete trajectory for
ðUðs;tÞ * Þs4t40 whenever it satisﬁes the condition Uðs;tÞ* gðsÞ ¼ gðtÞ
for all s4t40. Note that this deﬁnition of a complete trajectory differs from
that in the literature (see e.g. [4, 35]) in that g is only deﬁned on the half-line
R. However, in the autonomous case when Uðt; sÞ ¼ Tðt sÞ, a complete
trajectory in our sense can be uniquely extended to a complete trajectory on
R by deﬁning gðtÞ ¼ TðtÞ* gð0Þ for t50. We call a complete trajectory g :
R ! X * nontrivial if g is not identically 0.
Let 14p41, and let Ep :¼ LPðRþ; X Þ if 14p51, and E1 :¼
C00ðRþ; X Þ (the space of continuous functions vanishing at 0 and at
inﬁnity). The space Ep will be equipped with the norm jjf jjp :¼ ð
R1
0 jj f 
ðsÞjjp dsÞ1=p when 14p51 and with the sup-norm when p ¼ 1. It is well
known (see e.g. [8, Sect. 3.3]) that the family ðTpðtÞÞt50 deﬁned by
ðTpðtÞf ÞðsÞ ¼
Uðs; s tÞf ðs tÞ; s5t;
0; s51;
(
t; s50; f 2 Ep
is a C0-semigroup on the Banach space Ep. We call ðTpðtÞÞt50 the evolution
semigroup associated with ðUðt; sÞÞt5s50 on the space Ep, and we denote by
Gp its generator.
Finally, we denote by DðGÞ, Rg G and Ker G, the domain, the range and
the kernel, respectively, of a closed linear operator G on a Banach space X ,
and sðGÞ (resp. PsðGÞ) denotes the spectrum (resp. point spectrum) of G.
For an evolution family U ¼ ðUðt; sÞÞt5s50 and a function
f 2 L1locðRþ; X Þ, let
ðU * f ÞðtÞ :¼
Z t
0
Uðt; sÞf ðsÞ ds for all t50:
When Uðt; sÞ ¼ Tðt sÞ for a semigroup T, U *f is the convolution of T
and f in the usual sense.
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Theorem 2.2. Let ðUðt; sÞÞt5s50 be a bounded evolution family on
a Banach space X , and let ðTpðtÞÞt50 be the evolution semigroup associated
with ðUðt; sÞÞt5s50 on Ep (14p41). Then the following assertions are
equivalent:
(1) The evolution family ðUðt; sÞÞt5s50 is strongly stable.
(2) If B* denotes the unit ball in X * , then the set
J * :¼
[
s50
\
t5s
Uðt; sÞ* ðB* Þ ð4Þ
is trivial, i.e. J * ¼ f0g.
(3) The evolution family ðUðs;tÞ* Þs4t40 does not admit a bounded
nontrivial complete trajectory.
(4) The semigroup ðTpðtÞÞt50 is stable for some 14p41.
(5) The semigroup ðTpðtÞÞt50 is stable for all 14p41.
(6) RgG1 is dense in L
1ðRþ; X Þ.
(7) The set
F :¼ ff 2 L1ðRþ; X Þ: U *f 2 L
1ðRþ; X Þg ð5Þ
is dense in L1ðRþ; X Þ.
Let us point out that in the autonomous case the equivalence in ð1Þ ,
ð2Þ , ð3Þ in Theorem 2.2 goes back to [13, The´ore`me 2; 27, Theorem 4.3].
The generalization from semigroups to evolution families is based on the
same ideas, but one has to be careful in some steps. For our approach
equivalence ð1Þ , ð3Þ is important for the proof of the other results.
The Equivalences ð1Þ , ð6Þ , ð7Þ should be compared to Datko’s
characterization of uniformly exponentially stable evolution families in
which density of RgG1 has been replaced by surjectivity of Gp [3, Theorem
5.1.2; 12, Theorem 6; 29, Theorem 2.2].
Theorem 2.3 (Datko). Let ðUðt; sÞÞt5s50 be an evolution family on a
Banach space X , and let 14p41. Then the following assertions are
equivalent:
(i) The family ðUðt; sÞÞt5s50 is exponentially stable.
(ii) The operator Gp is surjective.
(iii) For all f 2 Ep one has U *f 2 Ep.
However, whereas Datko’s Theorem 2.3 is true for every p 2 ½1;1,
equivalence ð1Þ , ð7Þ cannot be true for p 2 ð1;1 (see Remark 5.3).
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U comes from a bounded C0-semigroup ðTðtÞÞt50. In that case the Laplace
transform of an orbit TðÞx is given by the local resolvent Rð; AÞx on the
right half-plane. Applying Laplace transform and Fourier transform
techniques, we are able to ﬁnd conditions on the resolvent of the generator
A and range conditions on A leading to stability. In fact, as we show in
Section 6, we can also prove local stability results (Theorem 6.3). The
ABLV-Theorem mentioned in the Introduction is an easy corollary of
Theorem 2.4 (Corollary 6.5).
Before stating the second result we deﬁne AþðR; X Þ to be the image under
Fourier transform of the space L1ðRþ; X Þ, i.e. the space of all functions
f :R! X for which there exists g 2 L1ðRþ; X Þ such that
f ðbÞ ¼
Z 1
0
eibsgðsÞ ds ¼: FgðbÞðb 2 RÞ:
By injectivity of the Fourier transform the function g is uniquely determined
and we put jjf jjAþ :¼ jjgjj1.
Theorem 2.4. Assume that Uðt; sÞ ¼ Tðt sÞ for some bounded C0-
semigroup ðTðtÞÞt50 on X , and denote by A the generator of ðTðtÞÞt50. Then
conditions (1)–(7) are equivalent to:
(8) PsðAÞ \ iR ¼ | and the multiplication operator M defined by
DðMÞ :¼ ff 2 AþðR; X Þ: f ðbÞ 2 Rgðib AÞ and
b/ ðib AÞ1f ðbÞ 2 AþðR; X Þg;
Mf ðbÞ :¼ ðib AÞ1f ðbÞ
is densely defined.
The condition
(9) The space
T
b2RRgðib AÞ is dense in X
implies (1)–(8).
Since the completion of this paper, the second and third authors, and also
M. Lin and P. Wojtaszczyk, have shown that implication ð1Þ ) ð9Þ does not
hold in the context of Theorem 2.4; in particular, (9) is not satisﬁed for some
of the stable semigroups considered in [5, Example 4.1]. This and other
information will appear in [9a].
The rest of the paper is devoted to the proof of Theorems 2.2 and 2.4 as
well as of their local counterparts. Since we will frequently make use of the
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shows, in particular, how range conditions and (Abel) ergodicity are
connected, we state that theorem explicitly (see [3, Proposition 4.3.1; 17,
Lemma V.4.4, Theorem V.4.5, Example V.4.7]).
Theorem 2.5. Let A be the generator of a bounded C0-semigroup on a
Banach space X . For every x 2 X the following assertions are equivalent:
(i) liml!0 lRðl; AÞx exists.
(ii) x 2 Ker ARg A.
If (i) or (ii) holds, then liml!0 lRðl; AÞx ¼ x1, where x ¼ x1 þ x2 with x1 2
Ker A and x2 2 Rg A.
If X is reflexive, then (i) and (ii) are always true.
3. PROOF OF ð1Þ , ð2Þ , ð3Þ
In this section, we study the connection of the existence or nonexistence
of bounded nontrivial complete trajectories to stability of the evolution
family U. This connection is important for the subsequent results
because we will use it both in the proof of ð6Þ ) ð1Þ and in the proof of
ð9Þ ) ð1Þ.
The proof of ð1Þ , ð2Þ , ð3Þ is based on the next proposition which is an
individual quantitative version of these equivalences. In the autonomous
(and discrete) case a proof of Proposition 3.1 can be found in [4, Theorem
3.1; 13, The´ore`me 2; 27, Theorem 4.3; 35].
Proposition 3.1. Let ðUðt; sÞÞt5s50 be a bounded evolution family on a
Banach space X . Let B* be the closed unit ball in the dual space X * and define
for fixed s50
J *s :¼
\
t5s
Uðt; sÞ* ðB* Þ: ð6Þ
Then:
(i) For every x 2 X we have
1
M
lim sup
t!1
jjUðt; sÞxjj4 sup
x * 2J *s
jhx; x*ij4 lim inf
t!1
jjUðt; sÞxjj; ð7Þ
where M ¼ supt5s50 jjUðt; sÞjj:
(ii) limt!1 jjUðt; sÞxjj ¼ 0, if and only if x annihilates J *s .
(iii) For every x* 2 J *0 there exists a bounded complete trajectory g for
the evolution family ðUðs;tÞ* Þs4t40 such that gð0Þ ¼ x* .
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and every t5s there exists x*t 2 B* such that Uðt; sÞ*x*t ¼ x* . From that we
obtain
jhx; x*ij ¼ jhx; Uðt; sÞ*x*t ij ¼ jhUðt; sÞx; x*t ij4jjUðt; sÞxjj;
which implies the second inequality in (7).
Conversely, by Hahn–Banach, there exists for every t5s an element x*t 2
B* such that
jjUðt; sÞxjj4 jhUðt; sÞx; x*t ij þ
1
tþ 1
¼M x;
1
M
Uðt; sÞ*x*t
 				
				þ 1tþ 1:
Let N *t :¼
T
t5r5s Uðr; sÞ* ðB* Þ. Then ðN
*
t Þt%1 is a decreasing net of
weak* compact sets. Due to the equality Uðr; sÞ *Uðt; rÞ* ¼ Uðt; sÞ* we have
1
M
Uðt; sÞ*x*t 2 N *t . Hence, every weak* accumulation point x* of the net
ð 1
M
Uðt; sÞ*x*t Þt5s belongs to the intersection
T
t5s N
*
t ¼ J *s . This implies
lim sup
t!1
jjUðt; sÞxjj4M sup
x * 2J *s
jhx; x*ij
which is just the ﬁrst inequality in (7).
Statement (ii) is an obvious consequence of (i).
Choose any x* 2 J *0 . By deﬁnition we ﬁnd for every n 2 N an element
x*n 2 B* such that Uðn; 0Þ*x*n ¼ x* . Deﬁne functions gn :R ! X * by
gnðtÞ :¼
Uðn;tÞ*x*n ; t 2 ðn; 0;
0; t 2 ð1;nÞ:
(
Then for all n4s4t40 we have
Uðs;tÞ* gnðsÞ ¼ Uðs;tÞ*Uðn;sÞ *x*n ¼ Uðn;tÞ*x*n ¼ gnðtÞ ð8Þ
and, by deﬁnition, gnð0Þ ¼ x* and jjgnjj14M for every n 2 N.
Let B*M :¼ fx* 2 X * : jjx* jj4Mg with the weak* topology, and consider
the product space ðB*M Þ
R equipped with the topology of pointwise weak*
convergence. By the theorems of Banach–Alaoglu and Tikhonov this
product space is compact, and thus the set of accumulation points of the
sequence ðgnÞn2N in that space is nonempty. Let g be an accumulation point
of ðgnÞn2N.
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continuity of Uðs;tÞ * imply that
Uðs;tÞ * gðsÞ ¼ gðtÞ:
Hence, the function g is a bounded complete trajectory satisfying
gð0Þ ¼ x* and we have proved (iii). ]
Proof of ð1Þ , ð2Þ , ð3Þ. Equivalence ð1Þ , ð2Þ follows immediately
from Proposition 3.1(ii).
Next, if g is a bounded nontrivial complete trajectory for the evolution
family ðUðs;tÞ* Þs4t40, then there exists s040 such that gðs0Þ=0. From
this and the deﬁnition of a complete trajectory it follows that the set
T
t5s0
Uðt; s0Þ* ðB* Þ is nontrivial. In particular, the set J * is nontrivial, i.e. (2)
implies (3).
Assume that J * is nontrivial. Then there exists s050 such that J *s0 is
nontrivial. Choosing x* 2 J *s0 =f0g, Proposition 3.1(iii) says that there
exists a bounded and necessarily nontrivial complete trajectory g for
ðUðs0  s; s0  tÞ* Þs4t40 with gð0Þ ¼ x* . Let hðsÞ :¼ gðsþ s0Þ when s4 s0
and hðsÞ :¼ Uðs0;sÞ* gð0Þ when s05s40. One easily veriﬁes that h is a
bounded nontrivial complete trajectory for ðUðs;tÞ* Þs4t40, and hence (3)
implies (2). ]
4. PROOF OF ð1Þ , ð4Þ , ð5Þ
The proof of equivalences ð1Þ , ð4Þ , ð5Þ is rather straightforward.
Nevertheless, the result will be needed subsequently and it gives an abstract
argument that one can apply semigroup results on stability to the stability of
evolution families.
Notice, however, that the spectrum sðGpÞ always equals a left half-
plane and that the Spectral Mapping Theorem holds true for the evolution
semigroups ðTpðtÞÞt50, [8, Theorem 3.22; 10, Theorem 3.1; 29, Corollary 2.4].
In particular, the spectral bound sðGpÞ, the exponential growth bound oðTpÞ
and the exponential growth bound oðUÞ coincide. Hence, if the evolution
family U is only bounded but not exponentially stable, then necessarily
sðGpÞ ¼ fl 2 C: Re l40g. Consequently, the global ABLV-Theorem can,
in general, not be applied to bounded evolution semigroups.
Proof of ð1Þ , ð4Þ , ð5Þ. Assume that the evolution family U is
strongly stable, and let 14p41. Let f 2 Ccðð0;1Þ; X Þ 
 Ep (where
Ccðð0;1Þ; X Þ is the space of continuous functions having compact
support in ð0;1Þ) and choose R > 0 such that supp f 
 ½0; R. The strong
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is continuous from ½0; R into X . Hence, that function has compact range
in X . By assumption, limt!1 jjUðt; RÞx0jj ¼ 0 for all x0 2 X . Since
U is uniformly bounded, the convergence is uniform on compact subsets
of X , so that
lim
t!1
sup
s2½0;R
jjUðtþ s; RÞUðR; sÞf ðsÞjj ¼ lim
t!1
sup
s2½0;R
jjUðtþ s; sÞf ðsÞjj
¼ lim
t!1
sup
s2½0;R
jjðTpðtÞf Þðtþ sÞjj
¼ 0;
which in turn together with the fact that supp TpðtÞf 
 ½t; tþ R implies
lim
t!1
jjðTpðtÞf jjp ¼ 0:
The boundedness of the semigroup ðTpðtÞÞt50 and the density of
Ccðð0;1Þ; X Þ in Ep for all 14p41 implies that ðTpðtÞÞt50 is stable for all
14p41. Thus (1) implies (5).
Implication ð5Þ ) ð4Þ is trivial.
So assume that ðTpðtÞÞt50 is stable on Ep for some 14p41. Let s51 and
let x 2 X . Deﬁne a function f 2 CðRþ; X Þ by
f ðrÞ ¼
eðrsÞUðr; sÞx; r5s;
ð1 sþ rÞx; s 14r5s;
0; r5s 1:
8><
>:
The boundedness of U implies f 2 Ep. Let t50. Then one calculates for
all r50
ðTpðtÞf ÞðrÞ ¼
eðrtsÞUðr; sÞx; r5tþ s;
ð1 s tþ rÞUðr; r tÞx; tþ s 14r5tþ s;
0; r5tþ s 1:
8><
>:
If p ¼ 1 then the stability of T1 on E1 implies already that
lim
t!1
jjUðt; sÞxjj ¼ lim
t!1
jjðT1ðtÞf Þðtþ sÞjj
4 lim
t!1
jjT1ðtÞf jj1 ¼ 0:
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lim sup
t!1
Z tþ1
t
jjUðr; sÞxjjp dr4 ep lim sup
t!1
Z tþ1
t
epðrtÞjjUðr; sÞxjjp dr
¼ ep lim sup
t!1
Z tþ1
t
jjðTpðt sÞf ÞðrÞjjp dr
4 ep lim sup
t!1
jjðTpðtÞf jj
p
p ¼ 0:
This inequality implies lim inf t!1 jjUðt; sÞxjj ¼ 0 which in turn implies, by
the boundedness of U and the fact that U is an evolution family, lim supt!1
jjUðt; sÞxjj ¼ 0 (see also inequality (7)).
We have now proved that limt!1 jjUðt; sÞxjj ¼ 0 for all s51 and all
x 2 X . Let s 2 ½0; 1 and x 2 X . Then we obtain lim supt!1 jjUðt; sÞxjj ¼
lim supt!1 jjUðt; 1ÞUð1; sÞxjj ¼ 0 by the previous result, so that (4)
implies (1). ]
Remark 4.1. Let ðUðt; sÞÞt5s50 be an evolution family on a Banach space
X and deﬁne a family ðV ðt; sÞÞt5s 
 LðX Þ by
V ðt; sÞ :¼
Uðt; sÞ if 04s4t;
Uðt; 0Þ if s504t;
I if s4t50:
8><
>:
Then ðV ðt; sÞÞt5s is a (strongly continuous) evolution family. If
ðUðt; sÞÞt5s50 is bounded, then ðV ðt; sÞÞt5s is bounded, and the family
ðSpðtÞÞt50 deﬁned by
ðSpðtÞf ÞðsÞ :¼ V ðs; s tÞf ðs tÞ; t50; s 2 R
is a (bounded) C0-semigroup on the space L
pðR; X Þ ¼: Fp when p 2 ½1;1Þ
and on the space C0ðR; X Þ ¼ F1 when p ¼ 1.
With this construction and the previous proof of equivalences ð1Þ ,
ð4Þ , ð5Þ the following corollary is immediate.
Corollary 4.2. Let ðUðt; sÞÞt5s50 be a bounded evolution family on a
Banach space X , and let ðSpðtÞÞt50 be defined as above. Then the following
assertions are equivalent:
(1) The evolution family ðUðt; sÞÞt5s50 is strongly stable.
(10) The semigroup ðSpðtÞÞt50 is stable for some 14p41.
(11) The semigroup ðSpðtÞÞt50 is stable for all 14p41.
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Before proving equivalences ð1Þ , ð6Þ , ð7Þ we will study the generator
Gp of the evolution semigroup ðTpðtÞÞt50 associated with U on Ep. Let us
ﬁrst recall the following lemma [8, Proposition 3.25; 29, Lemma 1.1].
Lemma 5.1. Let 14p41, and let f ; g 2 Ep. Then g 2 DðGpÞ and Gpg ¼ f
if and only if
gðsÞ ¼ ðU * f ÞðsÞ for almost all s50: ð9Þ
As in [25, Sect. VI.4 and VI.5] we deﬁne for a Banach space X the space
L1w * ðRþ; X * Þ to be the space of (equivalence classes of) all bounded
functions f :Rþ ! X * such that hx; f i 2 L1ðRþÞ for all x 2 X . Here we say
that two weak* measurable functions f ; g :Rþ ! X * are equivalent
whenever hx; f i ¼ hx; gi almost everywhere and for all x 2 X . Together
with the norm
jjf jjL1
w *
:¼ sup
x2X
jjxjj41
jjhx; f ijj1
the space L1w * ðRþ; X * Þ becomes a Banach space. The following representa-
tion theorem can be found in [25, Corollary, p. 95].
Theorem 5.2. Let X be a Banach space. Then the two spaces L1ðRþ; X Þ*
and L1w * ðRþ; X * Þ are isometrically isomorphic. For a step function
f 2 L1ðRþ; X Þ and a function g 2 L1w * ðRþ; X * Þ the duality is given by
h f ; gi ¼
Z 1
0
hf ðsÞ; gðsÞi ds:
Proof of ð1Þ , ð6Þ , ð7Þ. Assume that U is strongly stable. Then the
evolution semigroup ðT1ðtÞÞt50 is stable on the space L
1ðRþ; X Þ ¼ E1 by the
equivalence ð1Þ , ð5Þ. By Arendt and Batty [1, Proposition 2.1], RgG1 is
dense in E1, i.e. (1) implies (6).
On the other hand, assume (6) and assume that U is not stable,
or, equivalently, that there exists a bounded nontrivial complete trajectory g
for ðUðs;tÞ * Þs4t40. Since U is strongly continuous, g is weak*
measurable. Let *g 2 L1w * ðRþ; X * Þ be deﬁned by *gðtÞ :¼ gðtÞ. By Theorem
5.2 the space L1w * ðRþ; X * Þ is isometrically isomorphic to ðE1Þ * and the
duality is given by
h f ; *gi ¼
Z 1
0
hf ðsÞ; *gðsÞi ds;
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we ﬁnd
hf ;T1ðtÞ * *gi ¼
Z 1
0
hðT1ðtÞf ÞðsÞ; *gðsÞi ds
¼
Z 1
0
hUðtþ s; sÞf ðsÞ; *gðtþ sÞi ds
¼
Z 1
0
hf ðsÞ; Uðtþ s; sÞ* *gðtþ sÞi ds
¼
Z 1
0
h f ðsÞ; *gðsÞi ds
¼h f ; *gi:
It follows from Hahn–Banach and the fact that the step functions are
dense in E1 that T1ðtÞ* *g ¼ *g for all t50. This implies *g 2 DðG*1 Þ and
G*1 *g ¼ 0. Thus, the point 0 belongs to the point spectrum PsðG
*
1 Þ, a
contradiction to the assumption that RgG1 is dense in E1. Thus, the
evolution family U has to be stable, i.e. (6) implies (1).
Equivalence ð6Þ , ð7Þ is a direct consequence of Lemma 5.1. One just has
to note that the operator L deﬁned by
DðLÞ :¼ ff 2 E1: U * f 2 E1g;
Lf :¼ U *f
is the (algebraic) inverse of G1. Hence F ¼ DðLÞ ¼ RgG1. ]
Remark 5.3. One could ask whether equivalence ð1Þ , ð7Þ (or at
least one implication) remains true if one replaces the Banach space E1 by
a different Banach function space E on Rþ. For example, Datko’s Theorem
2.3 characterizing exponential stability of U is true for all the Banach
spaces Ep.
However, equivalence ð1Þ , ð7Þ cannot be true for Ep where p 2 ð1;1Þ. In
fact, if p 2 ð1;1Þ and X is reﬂexive, then Ep is reﬂexive [14, Theorem 1, p.
98; 23, Theorems 3.2, 3.4]. The fact that the point spectrum of Gp is empty
and the Mean Ergodic Theorem 2.5 imply that Gp has dense range in Ep,
even if ðUðt; sÞÞt5s50 is not a stable evolution family.
An easy counterexample shows that equivalence ð1Þ , ð7Þ is also not true
for E1. In fact, let X ¼ C and TðtÞ ¼ 1. Then ðT *f ÞðtÞ ¼
R t
0 f ðsÞ ds and the
compactly supported continuous functions such that
R1
0 f ðsÞ ds ¼ 0 are
dense in E1, but clearly ðTðtÞÞt50 is not stable.
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implication ð7Þ ) ð1Þ. A positive result in this direction is given in the next
proposition.
Proposition 5.4. Suppose that ðTðtÞÞt50 is a bounded C0-semigroup on a
Banach space X and that the set
ff 2 BUCðRþ; X Þ : T * f 2 BUCðRþ; X ÞÞg
is dense in BUCðRþ; X Þ. Then ðTðtÞÞt50 is stable.
Proof. Take x 2 X and let gðtÞ ¼ TðtÞx for t50. Given e > 0, there exists
f 2 BUCðRþ; X Þ such that jjg f jj15e and T * f is bounded. Then
jjðT *gÞðtÞ  ðT * f ÞðtÞjj4Met;
where M ¼ sups50jjTðsÞjj. Thus,
jjðT *gÞðtÞjj4jjðT *f ÞðtÞjj þMet:
But for t50 we have
ðT *gÞðtÞ ¼
Z t
0
Tðt sÞTðsÞx ds ¼ tTðtÞx:
Hence
jjTðtÞxjj4
jjðT * f ÞðtÞjj
t
þMe:
Letting t !1,
lim sup
t!1
jjTðtÞxjj4Me:
Sine e > 0 was arbitrary, the claim follows. ]
Proof of ð7Þ , ð8Þ (Theorem 2.4 (i)). Let f 2 L1ðRþ; X Þ be such that
T * f 2 L
1ðRþ; X Þ. Let t50. The equalityZ t
0
eibsT * f ðsÞ ds ¼
Z t
0
eibs
Z s
0
Tðs rÞf ðrÞ dr ds
¼
Z t
0
Z tr
0
eibsTðsÞeibrf ðrÞ ds dr
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R tr
0 e
ibsTðsÞeibrf ðrÞ ds 2 DðAÞ with
ðA ibÞ
Z tr
0
eibsTðsÞeibrf ðrÞ ds ¼ eibtTðt rÞf ðrÞ  eibrf ðrÞ
imply that
r/
Z tr
0
eibsTðsÞeibrf ðrÞ ds
is locally integrable with values in DðAÞ. Hence
R t
0 e
ibsT *f ðsÞ ds 2 DðAÞ
and
ðA ibÞ
Z t
0
eibsT * f ðsÞ ds ¼ e
ibtT * f ðtÞ 
Z t
0
eibsf ðsÞ ds:
Assume that (7) holds. From T *f 2 L
1ðRþ; X Þ we obtain on the one hand
lim inf t!1jjT * f ðtÞjj ¼ 0 and on the other hand that
limt!1
Z t
0
eibsT *f ðsÞ ds ¼ FðT *f ÞðbÞ
exists in X . Since f 2 L1ðRþ; X Þ, the limit
limt!1
Z t
0
eibsf ðsÞ ds ¼ Ff ðbÞ
exists, too, and the closedness of the operator ib A implies FðT * f Þ 
ðbÞ 2 DðAÞ and
ðib AÞFðT *f ÞðbÞ ¼ Ff ðbÞ:
Since (7) is equivalent to (1), PsðAÞ \ iR ¼ | by Arendt and Batty
[1, Proposition 2.1]. Thus, (7) implies (8).
In order to show the converse, let f 2 DðMÞ and g 2 AþðR; X Þ be such that
Mf ¼ g. By deﬁnition, there exist f˜; *g 2 L1ðRþ; X Þ such that Ff˜ ¼ f and
F *g ¼ g. Observe that FðeaTðÞ* f˜ Þ ¼ Rðaþ i; AÞf 2 AþðR; X Þ for all a > 0,
and that
FðaeaTðÞ* *gÞ ¼ aRðaþ i; AÞg
¼ g Rðaþ i; AÞf
¼Fð *g ðeaTðÞÞ* f˜ Þ:
By the uniqueness of the Fourier transform we obtain that for almost all
t 2 Rþ the equality
a
Z t
0
eaðtsÞTðt sÞ *gðsÞ ds ¼ *gðtÞ 
Z t
0
eaðtsÞTðt sÞ f˜ ðsÞ ds
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*gðtÞ ¼
Z t
0
Tðt sÞf˜ðsÞ ds:
Now, if (8) holds, then, by the deﬁnition of the norm on AþðR; X Þ, the set
F of all f˜ 2 L1ðRþ; X Þ such that T * f˜ belongs also to L
1ðRþ; X Þ is dense in
L1ðRþ; X Þ. Hence, (8) implies (7). ]
6. PROOF OF ð9Þ ) ð3Þ , ð1Þ
In this section we will assume that A is the generator of a bounded C0-
semigroup ðTðtÞÞt50 on a Banach space X . We will study the asymptotic
behaviour of individual orbits by means of complete bounded trajectories and
the set J * deﬁned in Eq. (4). We show in Theorem 6.3 that limt!1 jjT 
ðtÞxjj ¼ 0 when x is in a certain subspace of X deﬁned in terms of the ranges of
ib A. One immediate corollary is the implication from (9) to (3) (Theorem
2.4(ii)), hence, by Theorem 2.2, to strong stability of the semigroup. We will
show below how this result is connected to previous results in this domain.
Given a bounded measurable function F : R! X we deﬁne the Carleman
transform Fˆ by
FˆðlÞ ¼
R1
0
eltF ðtÞ dt; Re l > 0;

R 0
1 e
ltF ðtÞ dt; Re l50:
(
Clearly, the Carleman transform is an analytic function in C=iR. If, as in
the following, the function F is merely weakly or weak* measurable then the
Carleman transform will be deﬁned by applying functionals ﬁrst. This does
not change the fact that Fˆ is analytic.
Lemma 6.1. Let ðTðtÞÞt50 be a bounded C0-semigroup on a Banach space
X with generator A, and let g : R ! X * be a bounded complete trajectory for
ðTðt sÞ * Þs4t40. Let F ðtÞ :¼ gðtÞ when t40, and F ðtÞ ¼ TðtÞ * gð0Þ when t50.
Denote by Fˆ the Carleman transform of F. Then, for all l 2 Cþ and m 2 C=iR,
the following identity holds:
FˆðmÞ ¼ Rðl; A* ÞF ð0Þ þ ðl mÞRðl; A* ÞFˆðmÞ: ð10Þ
Proof. Let l 2 Cþ. If m 2 Cþ, then FˆðmÞ ¼ Rðm; A* ÞF ð0Þ and (10) is just
the resolvent identity. So let m 2 C and x 2 X . Then
hx; ðl mÞRðl; A* ÞFˆðmÞi
¼  ðl mÞ
Z 1
0
emthx; Rðl; A* ÞF ðtÞi dt
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Z 1
0
Z 1
0
emtelshx; TðsÞ*F ðtÞi ds dt
¼  ðl mÞ
Z 1
0
Z 1
0
emtelshx; F ðs tÞi ds dt
¼  ðl mÞ
Z 1
0
Z 1
t
emtelðsþtÞhx; F ðsÞi ds dt
¼  ðl mÞ
Z 1
0
eðlmÞt
Z 0
t
elshx; F ðsÞi ds dt
 ðl mÞ
Z 1
0
eðlmÞthx; Rðl; A* ÞF ð0Þi dt
¼ 
Z 1
0
emthx; F ðtÞi dt hx; Rðl; A* ÞF ð0Þi
¼ hx; FˆðmÞi  hx; Rðl; A * ÞF ð0Þi:
Since this equality holds for every x 2 X , the claim follows. ]
For the proof of implication ð9Þ ) ð3Þ , ð1Þ we have to recall the
following result from complex function theory [34, Lemma 4.6; 36, Theorem
E]. Note that the formulation of [36, Theorem E] is not correct and that a
proof of the correct statement below (using results from [15, 33]) can be
found in [34, Lemma 4.4]. However, it is not clear from his proof whether
Wolf had Theorem 6.2 in mind.
Theorem 6.2 (Edge-of-the-Wedge). Let Qb :¼ fz 2 C : jRe zj51; jIm zj
5bg be a rectangle in the complex domain, and let f : Qb=iR! C be an
analytic function. Define gðaþ ibÞ :¼ f ðaþ ibÞ  f ðaþ ibÞðaþ ib 2 Qb \
CþÞ and assume that
sup
jbj5b
jgðaþ ibÞj ¼ O
1
a
 
as a& 0 ð11Þ
and
lim
a!0
jgðaþ ibÞj ¼ 0 for all jbj5b: ð12Þ
Then f has an analytic extension to Qb.
In the next theorem the set J * will be deﬁned as in Eq. (4). Note that in
the semigroup case the sets J *s deﬁned in Eq. (6) do not depend on s50 and
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implication ð9Þ ) ð3Þ , ð1Þ.
Theorem 6.3. Let ðTðtÞÞt50 be a bounded C0-semigroup on a Banach
space X with generator A, and define
J :¼
\
b2R
ðib AÞðRgðib AÞ \DðAÞÞ:
Then:
(i) For every x 2 J and x* 2 J * ;hx; x*i ¼ 0, i.e. J * 
 J?.
(ii) For every x 2 J one has limt!1 jjTðtÞxjj ¼ 0.
Proof. Let x* 2 J * . By Proposition 3.1(iii), there exists a bounded
complete trajectory g : R ! X * for ðTðt sÞ * Þs4t40 such that gð0Þ ¼ x* .
Deﬁne F ðtÞ ¼ gðtÞ for t40 and F ðtÞ ¼ TðtÞ*x* for t50. Observe that
then the function F is bounded and it satisﬁes the relation F ðtþ sÞ ¼
TðtÞ*F ðsÞ for all s 2 R and all t50. Let x 2 J, and let f ðtÞ :¼ hx; F ðtÞi. Then
f 2 L1ðRÞ and the Carleman transform is given by
fˆðlÞ ¼ hx; FˆðlÞi ðl 2 C=iRÞ.
Let b 2 R. Applying Lemma 6.1 twice, we obtain
lim
a!0
j fˆðaþ ibÞ  fˆðaþ ibÞj
¼ lim
a!0
jhx; Fˆðaþ ibÞ  Fˆðaþ ibÞij
¼ lim
a!0
jhx; 2aRðaþ ib; A* ÞFˆðaþ ibÞij
4 lim
a!0
jhx; 2aRðaþ ib; A* Þ2x*ij
þ lim
a!0
jhx; 4a2Rðaþ ib; A* Þ2Fˆðaþ ibÞij
¼ 2 lim
a!0
jhaRðaþ ib; AÞ2x; x*ij
þ 4 lim
a!0
jhaRðaþ ib; AÞ2x; aFˆðaþ ibÞij:
The boundedness of F implies lim supa!0 jjaFˆðaþ ibÞjj51. Moreover,
by assumption, there exists y 2 Rgðib AÞ \DðAÞ such that ðib AÞy ¼ x.
This and the Mean Ergodic Theorem 2.5 (applied to the semigroup)
ðeibtTðtÞÞt50Þ imply
lim
a!0
aRðaþ ib; AÞ2x ¼ lim
a!0
aRðaþ ib; AÞ2ðib AÞy
¼ lim
a!0
aRðaþ ib; AÞy
 lim
a!0
a2Rðaþ ib; AÞ2y ¼ 0:
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lim
a!0
j fˆðaþ ibÞ  fˆðaþ ibÞj ¼ 0 for all b 2 R
and from Theorem 6.2 we obtain that the Carleman transform fˆ extends to
an entire function. By Pru¨ss [31, Proposition 0.5(ii)] this implies that f ¼ 0.
In particular, we have f ð0Þ ¼ hx; x*i ¼ 0, which proves (i).
If x belongs to J, then, by statement (i), it annihilates the set J * .
Statement (ii) follows thus from Proposition 3.1(ii). ]
Remark 6.4. Let Y 
 X be a T-invariant subspace and let B be the
restriction of A to Y . Then, if J is deﬁned as in Theorem 6.3,
J \ Y ¼
\
b2R
ðib BÞðRgðib BÞ \DðBÞÞ: ð13Þ
To see this it sufﬁces to show that
AðRg A\DðAÞÞ \ Y ¼ BðRg B\DðBÞÞ:
Of course, the inclusion is obvious. So let x 2 AðRg A\DðAÞÞ \ Y .
There exists y 2 Rg A\DðAÞ such that Ay ¼ x. By the Mean Ergodic
Theorem 2.5, liml!0 lRðl; AÞy ¼ 0, so
lim
l!0
Rðl; BÞx ¼ lim
l!0
Rðl; AÞx ¼ lim
l!0
ARðl; AÞy
¼ lim
l!0
lRðl; AÞy y ¼ y:
Hence, y 2 Y and y ¼ liml!0 BRðl; BÞy 2 Rg B. This proves the second
inclusion.
Equation (13) shows that in a Banach space Y we cannot produce a larger
set of initial values for which Theorem 6.3(ii) holds just by extending the
generator B to an operator A deﬁned on the larger space X and generating
again a bounded C0-semigroup.
Proof of ð9Þ ) ð1Þ (Theorem 2.4(ii)). The assumption
T
b2R Rg ðib AÞ
¼ X implies in particular that Rg ðib AÞ is dense in X for all b 2 R. Hence\
b2R
Rgðib AÞ ¼
\
b2R
ðib AÞðRgðib AÞÞ \DðAÞÞ:
By Theorem 6.3(ii), the orbit TðÞx is stable for all x 2
T
b2R Rgðib AÞ.
The density of this set implies that ðTðtÞÞt50 is stable. ]
In the Introduction we mentioned the ABLV-Theorem on stability of
bounded C0-semigroups. It is now an easy corollary of Theorem 2.4(ii).
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semigroup ðTðtÞÞt50 on a Banach space X. If sðAÞ \ iR is countable, and if
Rgðib AÞ is dense in X for all b 2 R (or, equivalently, A* has no point
spectrum on iR), then ðTðtÞÞt50 is stable.
Proof. One has to note that
T
b2R Rg ðib AÞ is dense in X by
assumption and the Mittag–Lefﬂer Theorem (cf. [18, Lemma 3.1; 19, 20]).
The claim follows from Theorem 2.4(ii). ]
Remark 6.6. We do not see any method to deduce the version of the
ABLV-Theorem for individual orbits of bounded semigroups [5, Theorem
3.4] from Theorem 6.3.
From Theorem 6.3 and the Mean Ergodic Theorem 2.5 we can also
immediately deduce the following property of generators of semigroups for
which no nontrivial orbit tends to 0.
Corollary 6.7. Assume that A is the generator of a bounded C0-
semigroup ðTðtÞÞt50 such that for all x 2 X =f0g one has
lim supt!1jjTðtÞxjj > 0. Then\
b2R
ðib AÞðRgðib AÞ \DðAÞÞ ¼ f0g:
In particular, when X is reflexive, then
T
b2RRgðib AÞ ¼ f0g.
Remark 6.8. (a) In [4, Sect. 4] a bounded C0-semigroup ðTðtÞÞt50
satisfying the assumption of Corollary 6.7 is called trivially asymptotically
stable. Obviously, semigroups of isometries are trivially asymptotically
stable, but the class of trivially asymptotically stable C0-semigroups is
strictly larger than the class of C0-semigroups of isometries, [4, Examples
4.1, 4.2].
(b) Recall that an operator A 2 LðX Þ admits a CkðCÞ-calculus (resp.
CkðRÞ-calculus) for some k 2 N0 if there exists a continuous algebra
homomorphism T : CkðCÞ ! LðX Þ (resp. T : CkðRÞ ! LðX ÞÞ and O
 C
(resp. O
 R) open and bounded such that
(i) Tð1Þ ¼ I and TðidÞ ¼ A, and
(ii) jjTðf ÞjjLðX Þ4M jjf jjk;O for some M50, where
jjf jjk;O :¼
X
jaj4k
1
a!
sup
z2O
jDaf ðzÞj:
If A 2 LðX Þ admits a CkðCÞ-calculus (resp. CkðRÞ-calculus), then, by [11,
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m5k þ 3 (resp. m5k þ 2) one has\
l2C
Rgðl AÞm ¼ f0g: ð14Þ
By Corollary 6.7, this result can be improved in several directions if, in
addition, iA generates a trivially asymptotically stable bounded semigroup
and if X is reﬂexive: ﬁrst, we do not assume A to be bounded, second, the
exponent m ¼ 1, and third, we only take the intersection for l on the
real axis.
Let us point out that the best possible exponent m ¼ 2 in [11] is attained
when A admits a CðRÞ-calculus. By Kantorovitz [26, Lemma 2.2], the
spectrum sðAÞ is then a subset of R. The following is an example of an
operator A 2 LðX Þ such that sðAÞ 
 R; iA generates a group of isometries
(in particular a trivially asymptotically stable semigroup), but A does not
admit a CðRÞ-calculus.
In fact, let X be the space of all functions f 2 BUCðRÞ such that f extends
to an entire function of exponential type less or equal to 1. Then X is a
closed subspace of BUCðRÞ. Moreover, the operator A ¼ i d
dx
is bounded by
Bernstein’s inequality [16, p. 227]. The operator iA is the restriction to X of
the generator of the C0-group of left-shifts on BUCðRÞ, i.e. ðeitAÞt2R is a
group of isometries on X . However, since, by [22, p. 202], the function
t ! eitA
2
is unbounded, the operator A cannot admit a CðRÞ-calculus.
Thus the Curtis–Neumann result is not applicable with m ¼ 2, but Corollary
6.7 is.
The same example shows that Corollary 6.7 cannot be improved to
T
b2R
Rgðb AÞ ¼ f0g in nonreﬂexive Banach spaces. For example, the function f
deﬁned by f ðxÞ :¼ ðsin x
x
Þ2ðx 2 RÞ belongs to
T
b2RRgðb AÞ. Indeed, when
we put gbðxÞ ¼ ieibx
R x
0
eibyf ðyÞ dy ðb 2 R; x 2 RÞ, then gb 2 X and
ðb AÞgb ¼ f .
7. THE DISCRETE CASE
Many previous articles have shown that quite often it is possible to
formulate results on the asymptotic behaviour in a similar way both for C0-
semigroups and discrete operator semigroups. The same holds for
implication ð9Þ ) ð1Þ.
Let T 2 LðX Þ be a power bounded operator, i.e. supn2NjjT
njj51. We say
that the operator semigroup ðTnÞn2N is (strongly) stable if limn!1jjT
nxjj ¼ 0
for every x 2 X .
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\
y2½0;2p
Rgðeiy  TÞ ¼ X ; ð15Þ
then the semigroup ðTnÞn2N is stable.
We only sketch the proof which uses again the equivalence of stability
and the nonexistence of bounded nontrivial complete trajectories for
the dual semigroup ðT *nÞn2N, which are now sequences ðgnÞn2Z 2 l
1ðZ; X * Þ
such that gnþm ¼ T *ngm for all m 2 Z and n 2 N. As pointed out above
his equivalence had actually been proved in [13, 27] for this special
case.
Then the proof of Theorem 7.1 follows the lines of the proof of
implication ð9Þ ) ð1Þ in Section 6, replacing the generator A by the operator
T , and the Carleman transform (representing the resolvent of the operator
A* ) by its discrete analogue
#gðlÞ :¼
P1
n¼0
1
lnþ1
gðnÞ; jlj > 1;

P1
n¼1
1
lnþ1
gðnÞ; jlj51;
(
where g ¼ ðgnÞn2Z is a bounded complete trajectory for ðT *
nÞn2N. The funct-
ion #g thus deﬁned is analytic in C=fl: jlj ¼ 1g, and #gðlÞ ¼ Rðl; T * Þgð0Þ
for jlj > 1. Similarly to the proof of Theorem 6.3, the function #g can be
extended to an entire function by the assumption in Theorem 7.1 and by the
corresponding analogue of the Edge-of-the-Wedge Theorem 6.2 for the unit
circle [34].
Once #g has been extended to an entire function, the fact that limjlj!1
jj #gðlÞjj ¼ 0 and Liouville’s Theorem imply that #g and hence g are trivial.
Hence, there does not exist a bounded nontrivial complete trajectory for
ðT *nÞn2N.
We believe that it is possible to formulate Theorem 2.2 for the discrete
case by changing the notions properly, but it is not the purpose of this article
to do that explicitly.
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